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RESTORATION OF ATMOSPRERICALLY DISTORTED IMAGES

PROGRESS REPORT

by

James L, Harris

1,0 STATEMENT OF THE PROBLEM

The space age has created renewed interest in the problems

asgoclated with optical observations from the ground of objects in

space. It is possible to build large optical systems whose image
quality is limited cnly by diffraction. In practice such idesl
imagery is not obtained because of the image deterioration induced
by atmospheric turbulence,

The Visibility Laboratory has been conducting a program of
research on possible means of accomplishing restoration of these
atmospherically distorted images. Thie work has been sponsored
by the Advanced Research Projects Agency by transfer of funds to
this Laboratory's existing Bureau of Ships contract NObs-84075.
Considerable progress has been made in the development of
techniques which may be sultable for the restoration of these
images. This report summarizes the effort on this project from
its conception in December of 1960 through December 1962,

The contents of this report have been placed in more or less
historical order because the present day concepts have evolved

from the earlier work and it is felt that the presentation in this
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order of time may make it easier for *he reader to follow the

development.

2.0 SIMPLE MATHEMATICAL DISTORTIONS AND RESTORATIONS

2.1 Introduction

At the time that the project was initiated, specific image
restoration techniques suitable for this application hed yet to
be developed. It was felt, however, that advances in technology
in fields such as information theory, communication theory, and
related sclences made it a reasonable time to take a new look at
this very old problem,

Atmospheric turbulence can be said to be a form of nolse
acting on the image. Processes of extraction of signals in the
presence of noise have long been used in radars and other sensors.
Techniques of integrating meny pulses in order to improve the
signal-to-noise ratio have been utilized in radar systems since
their development during World War II, This form of extraction
of signal from noise, i.s., integration of sgignal and noise, is
applicable in the radar case because the noise ls additive.,

That is, the noise serves to amplitude modulate the signal. In
the case of the image distortions due to atmospheric turbulencs,
the nolse serves to smear the image spatially and it would
therefore be expected that the direct integration techniques
applicable to amplitude modulated noise conditions must be
modified for this application,
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2.2 An Example of a Simple Distortion and Restoration

A very early mathematical exercise of familiarization with
spatial distortions may serve to demonstrate one way in which a
series of distortions may be utilized to extract information by
which a single image can be constructed whoge image quality is
superior to that of any of the individual distortions. Figure 1
shows a semple block letter and one possible distortion of the
letter., The distortion is obtained by allowing each square
forming the block to move left, right, up or down, each move
with equal probability. In the case of this gimple model, it
was assumed that each square always moves, that is, the
probability that a square will remain in its original position is
zero, This simple model assumed that there were only two levels
of intensity possible. If two elements from the original block
letter moved into the same square, that square would become black
and would not be distinguishable in level from a square which
contained only one element from the original block letter. The
manner in which the distorted image is formed may be observed by
noting the arrows in Fig. 1 showing the movement of each of the
original elements of the block letter. Figure 2 shows 17 dis-
tortions of an arbitrarily selected block letter., Based on
observations of the 17 distortions, it is not apparent which
block letter is actually present.

For this type of distortion, restoration can be accomplished
by what has been termed "forbidden image diagrams.®” If, in the
distortion, we can find a blank square which is bounded above,

below, to the left and to the right by blank squares, then we can

P S
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deduce that the original undistorted image was blank in the central
square., This follows directly from the assumptions of the distortion
since if the central square had contained an element, it is forced

to move up, down, left or right, and hence would show up in the
distortion in one of these squares. The ¥"forbidden image diagram”
for a single distortion is therefore a map which shows those
increments which could not have contained an element of the target.

A "forbidden image diagram" can be made for each of the 17 |
distortionas. Restorations are accomplished by noting that the
fforbidden image diagrams" are cumulative; that is, we can super-
impose each of the "forbidden image diagrams” to obtain the sum
total of our information about those squares which could not have
contained a target increment. Figure 2 also shows the construction
of a cumilative "forbidden image diagram.® The "forbidden image
diagram® shown below distortion 2 contains those squares for which
a target element could not be present as deduced‘from both
distortion 1 and distortion 2, The ®forbidden image diagram™ below
distortion 17 therefore contains all squares which are known to
have not contained a target element as deduced from all 17 distortions.
As may be seen from the figure, the block letter S, which was the
block letter used in the distortions, has been successfully recovered.

The example which has been described was educational in that it
demonstrated that, at least for this simple type distortion, there
were techniques by which spatial distortions could utilise informa-
tion from a large number of distortions to create a asingle image of
quality superior to that of any of the individual distortions., The
model, however, is not a realistic one in terms of the type of

distortion to be found as the result of atmoaspheric turbulence,
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3.0 INTRODUCTION TO SPATIAL FREQUENCIES

The later techniques of restoration employ the concepts
of spatial frequencies and an introduction to these oconcepts
will be made at this time.

Any function having only a finite number of discontimui-
ties can be expressed over a defined region by an infinite
series of sine and cosine terms, Thus the Fourier expansion
of f(x) over an interval X is

f(x) = Ay + A,cos2nfx + Ajcos4nfx + A3c036nfx + ees
Fa

+ B,sin2nfx + Bpsinjnfx + Bjeinénfx + ... (1)

where Al, Ajy eeey Byy Byy o.. are the sine and cosine

coefficients which are defined by Eqs. (2) and (3).

H
2
A =2 f £(x)cos(i2nfx)dx (2)
X
-X
2
+X
2
B, =2 f £(x)sin(i2nfx)dx (3)
X 2X
2

This type of analysis has become widely known through its
application to the analysis of electrical circuit problems,

where a signal is described in terms of its frequency

L
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composition, The importance of these concepta has been smply
demonstrated in the case of radar, commnications systens,

and sudio-amplifier design. In practical problems an infinite
series is seldom involved and it is generally recognised that
an approximation to & function can be made by including a finite
number of terms with the degree of epproximation dependent upon
the mumber of such terms which are employed. There are obviously
no restrictions on the dimensions of the function which is to
be expanded in Fourler serles. For example, the function might
be voltage as & function of time, average annuel rainfall as a
function of latitude, or, as in the case of interest hers,

image intensity es a function of a spatial dimension,

Consider the case of a piece of film on which an image is
stored. A complete description of the image involves the
defining of the transmission of the film as a function of the
X-Y coordinates of the film, If X is a horizontal dimension then
it can be imagined that a trace in the X direction for a fixed Y
will result in a function of transmission as a funetion of X,
Since 1t is necessary to represent the image only over the film
format, this transmission as & function of X can be expanded in
a Fourier series, The coefficients for this expansion will be
dependent upon the value of Y which was selected for the
trace, that is, each of the coefficients i1s a function of Y,

The coefficient itself can therefore be expanded in a Fourier
serles as a function of ¥, If this is accomplished, as has been

done in Appendix I, the result is a two-dimensional Fourier
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series which desoribes the transmission of the film as a function
of Xand Y in terms of an infinite series of sine and cosine
terms. One form of this two-dimensional Fourier series is

© 00

£(x,y) = A, +1§o jz:’o A Jcoas(:emxx + 2nif yy)

o0 00
+2 Z B
1=o #0 M

sin(2nifyx + 2n)fyy) (4)
Each of the terms in this series expansion is a spatial

simisoid, Figure 3 is a sketch of one such sinusoidal

component. The terms 1 and ] indicate the mumber of cycles which

the sine wave makes in the X and Y directions respectively;

thus in the example shown, 1 = 3 and J = 4. One reason that

the use of Fourier expension has particular significsnce in

optical systems is that an optical system passes no spatial

frequencies above a defined cutoff frequency. A finite series

is therefore all that is required to completely define a

bounded optical image. It is shown in Appendix II that the

statement of a cutoff frequency for the optical system is

the Fourier equivalent of the usual statement with reference

to the angular resolution associated with a diffraction

limited optical system., Because of this spatial frequency

cutoff in any real optical system, it is possible to define

any real image by a finite set of numbers., The significance

of this fact may be better appreciated after the develop-

ment of those restoration techniques which employ the concepts

of spatial frequencies,
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4.0 A GEOMETRIC DISTORTION MODEL

4.1 Description of the Model

If a distant star 1s observed with an optical system having
a small entrance pupil diameter, the primary effect of the
atmospheric turbulence is to move the image about in a random
fashion, This can be explained on the basis of the turbulence
creating index of refraction gradients before the entrance
pupil of the optical system, thus acting in the manner of a
prism, These simple observaetions serve as a basis for a
geometric model of image distortion due to atmospheric turbu-
lence, In this model it is assumed that the entrance pupil can
be quantized into sectors, each sector having a refractive
index gradient which is determined in some statistical fashion,
Figure 4 shows a cross section through an optical system,
showing the manner in which the cdifferent sectors of the lens
form images of the object displaced with respect to one another,
The addition of these independent lmages is the resultant
distorted image as predicted by this geometric model.

In order to more fully understand the nature of the dis-
tortion process, a single spatial frequency will be distorted
in the same manner as indicated in Fig. 4. Figure 5 shows the
separate images formed by each sector of the entrance pupil of
the optical system and again schematically shows that each
sactor forms an image of the particular spatial frequency with
the index of refraction gradient causing the image from each

sector to be displaced right or left from the correct image

e e
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spatial frequency.
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position, The composite image ie, as before, the sum of the
images from each section and in the case of the addition of
the sinusoidal components, the resultant is also a simisold
whose amplitude will always be less than the amplitude of an
undistortéd image, that ia, the addition of sinusoids of
different phases results in a simusoild having an amplitude less
than would be obtained had the phases been equal and having a
phase shift with respect to the phase of the undistorted
image, Thus, the geometric model predicts that in terms of
spatial frequencies the effect of atmospheric turbulence is
to attenuate the amplitude of the spatial frequency and shift

its phasge.

Le? An Example of a Geometric Distortion

The distortion model described in the preceding paragraph
wes used to study possible restoration techniques. A necessary
first step in the application of the model is the assumption of
a probability distribution for displacement. As a matter of
mathematical convenlence, the displacement distribution or
gradlent distribution was chosen to be a triangular distribu-~
tion as shown in Fig, 6. Since the distribution has
symetry about sero gradient, the average displacement is zero.

Figure 7 shows the undiatorted image used in the example.
Mathematically the image is a pulse as represented by the first
ten Fourier coefficlents., By anslogy, it might be imagined
that Fig. 7 represents a horisontal trace through the image of
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a vertical bar, The representation by a limited number of Fourier
cosfficlents is a rough analogy to the diffraction limit because,
as stated in Section 3.0, a diffractiou limited optical system
passes no frequencies above a definsble cutoff value.

The image of Fig. 7 was subjected to the distortion process
1llustrated in Fig, 4 using ths gradient distribution of Fig. 6.
The lens was assumed to be divided into ten segments and by
obtaining ten samples from the gradlent distribution, sample
distortions were constructed. . Figures 8 and 9 are examples
selected from a group of 30 such distortions,

It was noted in Section 4.1 that the effect of this geometric
distortion is to attermate and shift the phase of any given
spatial frequency. This observation leads to one possible
restoration technique which will now be illustrated. Figure 10
shows the spectrum of the undistorted image. The dashed line
is the envelope and the vertical 1lines are the discrete
frequencies of the Fouriler series which represent the function
over the extent of the image. Figures 11 and 12 show the spectra
of the two sample distortions and indicate that the amplitude of
any given spatial frequency varies from distortion to distortion,
Since it has been observed that a spatial frequency is always
attemuated in the process of distortion, a safe estimate is that
the spatial frequencles in the undistorted image must have
amplitudes at least as large as the highest amplitude found in any
of the individual distortions., It may also be observed from
studying the spectra of the three distortions that one distortion

may produce a relatively unattemuated amplitude for one spatial




-18- SIO Ref. 63-10

frequency whereas another spatial frequency in that same distortion
may be quite heavily atteruated. It might therefore be expected
that by selection of the highest amplitudes for all spatial
frequencies from all distortions, information could be obtained
which would be superior to the information which can be obtained
from any one distortion., This process of sorting through a

number of distortions and selecting the highest amplitudes for
each spatial frequency has been termed the peak spectrum

selection technique.

Thirty distortions of the type shown in Figs. 8 and 9 were
constructed and their spectra generated. The spectra were then
processed by the peak spectrum selection technique. Figure 13
shows the resultant spectrum obtained by selecting the peaks or
meximum amplitudes from each of the thirty distortions. It may
be noted that the spectrum thus obtained is a very close match
to the undistorted spectrum, the envelope c¢f which is shown us a
dashed line., Phase information mast also be processed. Since a
symetric type distortion process was assumed, that is, the image
is equally likely shifted left or right, the average phase shift
is 0, that is, it is equally probable that the phase shift will be
positive or negative. A simple process of phase averaging, therefore,
can be used to estimate the correct phase to be associated with
each of the peak amplitudes., The recovered amplitude and phase
information may now be utilized to construct a restoration of the
distorted image. Figure 1, compares the image restoration
generated in this matter with the original undistorted image shown

with the dashed lines, While the recovery obtained was not
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ocomplete, the recovered image does bear close resemblanes to the
undistorted image and is far superior to any one of the thirty
individual distortions utilized in the process. This latter
point is significant since it indicates that this process
involved something more than simply looking through a large
soeries of distortions and selecting the best of these distorted
images, This would be expected from the fact that the informs-
tion which constitutes the' recovered image was obtained not

from a single distortion but from many of the thirty distortions,
5.0 COMPUTER PROGRAMING

The example of Section 4.0 clearly indicated the value of
two-dimensional Fourier analysis as a tool in the processing
of distorted images. These caloulations were carried out on a
desk calculator and required a great deal of time and effort in
obtaining the recovered image of Fig, 14. It was recognised that
if this technique was to have application to two-dimensional
images having a large mumber of picture elements and for a large
nunber of distortions, the hand calculator techniques must be
replaced by computer operations.

The Computer Center of the School of Science and Engineering,
University of California, San Diego, includes & Control Data
Corporation 1604 computer with a 160-A satellite computer.
Peripheral squipment includes an IERM-088 card reader, an Analex
high spsed printer, and necessary magnetic tape units., Computer
programs for this project have been written in Fortran 60, The

basic computer program consists of taking a series of input data
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points which describe the imege at points on an XY grid and per-
forming two-dimensional :wurier analysis to obtain the amplitude
and phase of each spatial frequency comprising the image,
Additiona]l subroutines ellow for operation on these spatial
frequencies in any desired fashion., For example one such sub-
routine allows the application of the peak selection technique
and the phase aversging as utilized in Section 4.0. The computer
output consists of tabulations of the amplitude and phase of
each of the spatial frequencies for each image which has been
ingerted, as well as the peak amplitude and average phases
associated with restorations achieved by the peak selection
technique, and the restored image obtained by taking the inverse
transformation of this peak selection phase averaged spectrum,
Several auxiliary subroutines for displaying the output and
input information have been developed and can be used as desired.
As an example, the computer can take the output image, round
each picture element to the nearest digit between one and ten,
and print out an image having the proper XY relationship with
this ten step gray scale.

An "image" printout was developed as an aid to immediate
visuel evaluation of the results, Printed patches of each
character available in the Analex printer were photometered.

The values obtained reflect the difference in inked areas
assoclated with the different characters, The maximum reflect-
ance 1s, of course, a blank and the minimm reflectance was
found to be the character E, Characters of intermediate
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reflectance were chosen to fill ocut a ten step gray socale as follows:

Character Relative Reflsotance
Blank 1.0
. 0,95
0,92
+ 0.91
I 0.87
= 0.84
A 0.81
H 0.78
$ 0.75
E 0.72

While the resulting printed images are lacking in contrast, they
do allow a measure of visual evaluation. An example i1s shown

in Fign 15.

6.0 MATHEMATICAL MODEL OF ASTRONOMICAL DISTORTIONS

The example of Section 4.0, A Geometric Distortion Model, was
extremely valuable as a means of investigating the application of
Fourier techniques to restoration processes. It does not, however,
represent an agcurate model of the distortion process which would
be expected by a large aperture optical system, The geometric
distortion model assumed an intensity addition of images formed
by the various sectors of the entrance pupil. Thia model, therefore,
neglects the effect of the cohersence of the wave front over the

entire entrance pupil. While it is perfectly plausible to consider
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separately the imsages formed by various sectors of the entrance
pupil, these imsges will not be additive in intensity because
of the coherence of the electromagnetic rediation., A more
realistic model must consider the addition of these images with
due consideration to the relative phase of the electromagnetic
radiation as received from the different sectors. It will be
shown that this distinction is an important one.

In Appendix II, it is shown that any two points on the
entrance pupil serve to generate a single spatial frequency
which has a simusoidal variation in a direction parallel to the
veotor connecting the two points. For example, if the two
pointe on the entrance pupil were chosen to fall on the X axis,

the resultant image would be described by the equation

F(x) = AjA, + Ajh, ain(f-‘"l,E + A¢) (5)

as illustrated in Fig, 16. The terms A, and A, are the
amplitudegs of the electromagnetic wave front at the two
points on the entrance pupil, D is the distance between the
two points on the entrance pupil, A is the wave length of
the radiation, f is the focal length of the optical system,
x is the spatisl dimension in the image plane, and AZ is the
phase difference between the electromagnetic radiation at
the two points on the entrance pupil. For the case of
atmospheric turbulence close to the entrance pupil,

A, and A

1 2
the absence of turbulence, and the primary image distortion

would have approximstely the same amplitude as in




—24- SIO Ref. 63-10

E= A sin(wt+d)

—

E,= Agsin(wt+ ¢,)

'i>—r

— — — —— e i ol — —

: 2mDX
A Ay + A8, sin(ZF2X +a4)

Figure 16 Intensity distribution from two
points on the entrance pupil.
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would be due to the AF term. Appendix II goes on to show that
the total contribution to a given spatial frequency may be
found by summing all of the sine terms of the type shown

in Eq. (5) from every pair of points on the entrance pupil,
separated vectorially by the distance D(see Eqs. II-15 and
1I1-16). Figure 17 illustrates this point by showing that area
of the entrance pupil which is responsible for the gensration
of a spatial frequency D . This has been termed a spatial
frequency zcne., A

As in the case of the geometric distortion, a maximum
amplitude is obtained when all of the Af's are equal or equal
to O. This is the case of an undistorted image where the
electromagnetic wave front is still plane at the time it
reaches the entrance pupil. Thus it 1s once again apparent
that the effect of atmospheric turbulence will be to attenuate
the amplitude of any given spatial frequency. The peak
spectrum selection technique utilized in restoration of the
image distortions in Section 4.0 is therefore applicable to
this more refined model of distortions due to atmospheriec
turbulence.

The distortion process msy be visualized with reference
to Fig. 16 by imagining a phase distortion map superimposed
over the entrance pupil of the optical system. The amplitude
of any spatial frequency in the resulting distorted image is
found by summing all of the sine waves of Eq. (5) for every

pair of points separated by a distance D as defined by the

R R e e
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zones of Fig. 17. A power spsctrum may be associated with the phase
distortion map.l This power spectrum will fall off as frequency

i1s inoreased. The significance of this fact is that there will be
no disscontinuities or very rapid changes in the phase map over
short distances. Two points on the phase map separated by a short
distance will, therefore, be highly correlated. Since the very
low frequencies passed by the optical system correspornd to pairs

of points separated by very short distance, there will be a
tendency for the very low frequencles to be passed with small
attemation, For the higher frequencies which relate to points
separated by increased distance, there will be an lncreased
probability of having phase difference between the two points and,
therefore, it is to be expected that as the frequency ilnoreases,
the attemuation will increase. The increase in attemuatlon with
frequency will continue until a frequency is reached at which the
separation between the pairs of points which form this spatial
frequency is sufficiently large, such that the phase variation

at the two points becomes independent. From this point on

there will be no inoreases in attenuation with frequency.

There is a very great significance to the assertion of the
previous paragraph, Previous geometric models of the distortion
process have suggested that the image of a point source in the
presence of turbulence would be normally distributed in two
dimensions. The Fourier transformation of a two-dimensional

normel distribution is also a two-dimensional normal distribution.

+S. H. Reiger, "Seeing through the atmosphere,® Proceedings of a
Symposium, December 1962, Rand Corporation Memorandum RM-3294-FPR.

e e 2 T Y ¢ <
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Such a model suggests that there is an inorease of attemation with
frequency without 1imit, This type of model would, therefore,
impose a practical limit to the highest frequencies which could
ever hope to be recovered or restored., The fact that the
more realistic model indicates a leveling off of attemmation
with the higher frequencies suggests that no such limit does,
in fect, exist.,

In addition to offering an explanation of the distortion
process in the presence of atmospheric turbulence, the
derivations of Appendix II also offer a ready means of
determining the trinsfer function of a diffraction limited
optical system, &ince the contribution to a given spatial
frequency can be assoclated with zones on the entrance pupil
bounding all points separated by distange D=fA
a8 1llustrated in Fig. 17, the defining of these zones and
the measurement of this area relative to the tOK‘E‘ll area of
the entrance pupil is, directly, the transmittance of the
optical system for this given spatial frequency. This concept
of zones assoclated with non-coherent optical systems is
suggestive that where primary concern is for objects of high
spatial frequency, techniques of apodization, that 1is,
masking of the entrance pupil, may be effective in increasing
the amplitude of the spatial frequencles relative to the

average ambient amplitude.
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7.0 REAL TURBULENCE DISTORTIONS AND RESTORATIONS

The peak spectrum selection technique introduced in Section 4.0
has also been utilized in attempts to restore images distorted
by real turbulence., A six-inch dlameter astronomical objective was
mounted so as to form an image in the plane of a mechanically
driven aperture, The flux passing through the aperturs was
collected on the photocathode of a multiplier phototube whose
output was displayed on an oscilloscope. The scanning aperture
performed a single horigzontal scan and the resulting oscilloscope
waveform was photographically recorded. The scanning apparatus
was equipment avallable at the Laboratory as a result of work
on a prior photoelectric scanning problem. A hot plate was
mounted in front of and below the objective lens to produce
turbulence close to the entrance pupil. The single horizontal
scan was sufficiently fast so that the image was essentially
fixed during the entire scan. In order to obtain high flux
levels and therefors minimize the nolse level relative to the
signal level, the object to be imaged was chosen to be a
filament lamp. Since the scan was performed in one dimension
only, it was necessary that the image have flux variation in
only one dimension. The image of the filament lamp satisfied
this requirement in that for a considerable region in the
image plane, it had the gensral appearance of being three
vertical bars. Figure 18 shows thirty oscilloscope
photographs, each representing one horisontal trace through the
image of the filament lamp, The fourth recording in this

series was taken with the hot plate removed in order to show

w0 e s ek PR B T
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TURBULENCE-DISTORTED IMAGES & RESTORATIONS
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the pature of the undistorted image. The reduction of information
content by the atmospheric turbulence can be visualised by
imagining that the essential information which was desired from
the image was how many peaks are present in the image, and
secondly what is the relative order of amplitude of the three
peaks, i.e., which is largest, which is next largest, and which

is smallest.

Before attempting the peak spsctrum selection bLechnigue,
some more common forms of processing were performed. For
example, Fig. 19 shows the addition or integration of the
twenty-nine distorted waveforms. The result is an image in
which the third pesk 1s completely missing. Thus, in terms
of the imagined information desired from the image, this type
of processing is unsuccessful,

One component of a turbulence distortion can be visualized
as a gross shift of the image. It would, therefore, seem
reasonable that this shift could cause a considerable loss of
information in the process of direct integration previously
described. For this reason a second integration was performed,
but this time the center of gravity, i.e., the first moment of
the flux distribution was determined and all images were shifted
to have a common center of gravity prior to integration.

Figure 20 shows a result of this second integration. There 1is
no significant improvement associated with this form of process-
ing.

The twenty-nine distortions wers then subjected to Fourier
analysis with the aid of the GDC 1604 computer and the peak
spectrum selection technique was applied. This was first

B L P I G e R
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sccomplished without using the center of gravity shift and the
results are shown in Fig, 21, The third peak is now present; the
three peaks have approximately correct relative amplitudes
although considerable distortion still exists. Figure 22 shows
the results of applying the peak spectrum selection technique
vhere the phase estimates were made after all images were
shifted to common center of gravity. Comparison with Fig., 18
shows that while the restoration of detail is not complete, i.e.,
it is lacking in contraat, much of the detail of the original

image has been recovered,

8,0 TIME INVARIANT DISTORTIONS

8.1 Techniques and Noise Limitations

The preceding section dealt with the case of time variant
image distortion, i.e., the situation in which & time sequence
of recorded images shows a different distortion in each
exposure. Another case of interest is the time invariant dis-
tortion in which a time sequence of image recordings shows an
identical distortion for each exposure. Lens aberrations would
be of this class of distortion. Atmospheric turbulence ocan
also produce this type of distortion, for example, in the case
where a long time exposure is required. In a long time
exposure a large statistical sample of the turbulence 1s
averaged and there 1s therefore little wvariability from image
recording to imsge recording. This type of distortion is
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therefore characterized by a transfer function which is temporally
invariant., Figure 23 shows a hypothetical transfer funection
for this type of distortion,

If the transfer function is known, restoration ocan be
accomplished by amplifying each of the spatial frequencies by an
amount which exactly compensates for the attenuntién whieh it
has suffered. The limitation in quallty for this type of
restoration 1lies in the presence of noilse. Any real sensor
recording an image is ultimately limited by some type of noise.
In the example shown in Fig. 23, the noise is assumed to be
white or flat with frequency. In the process of amplifying each
of the spatial frequencies to compensate for its attenuation,
the amplitude of the noise of that spatial frequency will also
be amylified by an identical amount. Figure 23 shows the
noisewspeotruq_which would result after compensation for the
transfer function of that example. A spatial frequency which
had an amplitude equal to the noise prior to restoration will
have an amplitude equal to noise after restoration. It is
conceptually important that the information content of a single
image is not increased by any such processing. However, where
simple additive noise is the limitation in the restoration,
the signal-to-noise ratio can be increased by integration
processes well established in the fields of radar and communica-

tion.
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NOISE LEVEL /
AFTER R!STORATION/

SPATIAL FREQUENCY

Figure 23 Typical transfer function.
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8.2 Processing of Noisy Images

A demonstration of the improvemsnt of signal-to-noise ratio by
integration was performed. An image orthicon television chain was
used to view a test pattern. The chain was purposely adjusted
to give an extremely poor signal-to-noise ratio on the video
monitor. The upper left photograph in Fig, 24 shows the
photographic recording of a monitor image of a single frame (1/30
second) of the test pattern. As can be seen, the noise level was
sufficlently high so that 1little, if any, information is present
in this recorded image, Integration was then accomplished by
increasing the exposure time of the camera used to photograph the
monitor. For example, the second image shows an exposure time
four times that of the first image with the #’ mmber of the
opticel system adjusted to maintain constant integrated flux. The
sequence of pictures demonstrates the effect of increasing the
nuaber of frames which are averaged or integrated. Figure 24
shows clearly the increase in information content which can be
obtained by increasing the period of observation or the mumber
of images which are processed. If 1t i1s imagined that the upper
left-hand picture representing an exposure of one frame was the
image which resulted from the correction of a temporally
invariant distortion, then the pictures which follow indicate the
improvement in image information which could be obtained as a
result of processing of multiple images.

T e A S T 4 e et agenn s S ARt oA e AR
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Figure 24  lllustration of the effect of time averaging. The
original noise level is 128 times normal image
orthicon noise and the number below each
picture indicates the number of frames which
have been integrated.
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8.3 Example of a Time Invariant Restoration

The techniques involved in the restoration of temporally
invariant distortions were studied by means of simple mathematical .-
distortions of this class. One example of a temporally invariant
distortion is the case of a photograph taksen while the object to
be photographed is in motion all during the time of the exposure.
This would be the equivalent, for example, of a reconnaissance
photograph taken under conditions of inadequate imsge motion
compensation., Figure 25 shows a distortion of this type which
was mathematically constructed. Here the block letters ARPA
were smeared horisontally by an amount which corresponds to an
image motion during the exposure equal to 1 1/2 times the width
of a block letter. The resulting image distortion is shown in the
top of Fig. 25. This distor:ed imege along with information as
to the nature of the distortion process were fed into the
computer which then performed Fourier analysis of the distorted
image, amplification of each of the Fourier components to
compensate for their attenuation, and the construction of the
restored image which is shown in the bottom of Fig. 25, In this
"noiseless case®™ the image recovery was accurate to the eighth
significant figure and was limited only by the extent to which
the finite Fourier series could approximate the image in

question,

P -
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Figure 25 Image distortion and recovery.
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9.0 THE FILM SCANNER

The preceding sections have desoribed tdchniques of image
restoration and shown examples of distortions and restorations
by means of which these techniques have been explored and proved.
It was recognized at an early state in the project that the
restoration of atmospheric-turbulence~distorted images by these
techniques would require some type of automatic accumulation of
input data for the computer. The most easily adapted sensor for
recording the distorted images is photographic film., For this
reason it was decided that the initial trials of real image
restorations would be accomplished from images recorded on
photographic film, The number of resolution elements associated
with the image distortions virtually prohibits the hand
processing of these films in order to obtain input data for the
computer., A considerable project effort has therefore been
directed toward the construction of a film scanner capable of
automatically reducing the input data into computer format.

Figure 26 is a photograph of the completed film scanner and
associated electronics. At the left rear of the picture may be
seen a projection system through which 16 mm film is fed. Films
of 35 mm or 70 mm would be printed on 16 mm format for use in
this scanner. Scanner heads to accommodate the larger formats
oan be constructed if required. The imege is projected onto
the rectangular, flat, white metal mask (or screen) shown in the
middle of the picture. The mask contains a small aperture and
the flux passing through the aperture is imaged onto the
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Figure 26 Film scanner (in rear) and associated electronics.
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photocathode of a muitiplier phototube which is mounted in the black
box behind the white mask,

Figure 27 shows a close-up of the projection system., Tl;o
operation of the system will be explained with the aid of the
block diagram shown in Fig. 28, The scanning is accomplished by
physical movement of the film in the image plane. A horisontal
scan is accomplished in a Series of discrete steps. Stepping
pulses are supplied by the motor driver unit and activate
stepping motors in the projection unit. The horizontal counter
counts the number of horizontal steps which have been taken.

When the desired number of steps have been accomplished the

motor driver unit supplies a series of rapid pulses which cause
the stepping motor to retrace to itg original position, and at the
same time take one vertlcal step. The horizontal scan is then
repeated. When the dsesired number of vertical steps have been
sompleted, the motor driver supplies a series of rapid pulses

to the vertical motor which cause 1t to retrace to its starting
position, The system is now ready for a new film frams,

The output of the multiplier phototube is fed into a voltage-
to-frequency converter., The converter output is then counted. The
digital output of the counter i1s serialized so that it may be fed
directly to an IEM card punch., The system in this way accomplishes
automatic recording on IBM cards of the images contained on the
£1lm,

Where commercial units were employed, their identifying
trade names and serial mumbers are shown on the block disgram, The
electronic circuits designed and constructed by the Visibility Labora-

tory are shown in Figs. 29 through 36.
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Figure 27 Close-up of film scanner head.
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At the time of writing of this report, the construction and
assembly of the film scanner system has been completed and effort
is presently directed toward the scanning of test films used to
check the reliability of the system,

10.0 FUTURE PLANS

The computer program used to accomplish the restoration of
the smeared ARPA image has been rewritten to allow for smear in
two dimensions. A mathematical distortion of the block letters,
ARPA, corresponding to & two-dimensional smear will be fed into
the computer as a test of this program., At the same time,
photographically recorded two-dimensional smears of the block
letters ARPA are being prepared, These are accomplished by
masking the entrance pupil of the recording camera to the form of
a square and then defocusing the image sc that every point in
object space becomes a square in the image plane. As in the
case of the one-dimensional smear, the smear function will be
sufficlently large, such that the block letters ARPA cannot be
identified in the distorted images.

Because of the presence of film noise, the restoration of a
single distortion from a single film frame may result in an
image of very high noise level. For this reason multiple images
will be recorded, that is, a sequence of film frames are being
prepared, each of which is an identical mmear of the block letters
ARPA. The computer program will therefore involve not only
restoration of each frame but also an integration of the resulting
recovered images to fo.'n a single image of high signal-to-noise

ratio,
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When the temporally invariant distortions of this type have
been successfully recovered, the next step will be to gensrate
f£ilm strips with the optical system used to produce atmospherically
distorted images in the laboratory. The flux levels and time
exposures will be chosen so as to give large statistiocal sampling
of the turbulence and therefore produce temporally invariant
distortiona. After these distortions have been successfully
processed, additional atmospheric distortions will be gensrated
of the temporally variant variety. These film strips will be
scanned and fed into the computer and the two-dimensional
version of the peak spectrum selection technique will be used to
attempt restorations.

The above trials will represent a checkout of the entire
syatem from the film scanner through the computer programing and
will constitute a test of the restoration techniques, When these
techniques and the system have been demonstrated to be performing
adequately, the system will be ready for attempted restorations
of some real space photographs. While the system as presently
constructed is inadequate for any volume processing, it should be
extremely adegquate for demonn"tnting that imsge improvement ocan
be obtained by the techniques which have been described. The task
of enginsering a system capable of operation with an astronomical
system should not be initiated until the simple system which has
been constructed has clearly demonstrated the feasibility of

acoomplishing this type of image restoration.
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Appendix T .

Devivotion of Fourier sevies on o 5¢T of discrdle poinT values .

Ceclion A& fvedls i one -dimevgional cose Gwd Seiion B freaTs
Hae two-dimevisioval Case.

Rediwm A .

Duvivetion of Fowrier sevits 0n o owe-dimensional set of

discede pofT values .

This devivdion is based ow waTley found 1w Twivoduction fo

wawayical Molq‘s\s , Hildebvand , McEvaw -Wiil, 1956,

p- 273 ¢,
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-55=
The ('o\lw'm?‘ defeeninations will be used aT?y n The
doe'wation.
Knoww:
a-! )
Zio (S 2Fim _ 0, m#pa (0.)
o
=06, W =pa (0:2)
Wweye: G 1S amu\ '\vﬂulu > |
pis am\& '\vmtev >0
0} ,
Zi.p SM2Eim . 0 (0.3)
6
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Evoludle :

a-
Zi.e COsIWim cos 2Win
4 a

=L 7. [Cos 1 (mew) , cos z_____“"(m'“)]'- ()
2 o G Z

‘o!%éM)n ?.07

le.: WM#EN
n>w\_>_0§

W

'y
2

Thon in eitwer of 4we Two lasT equaﬁms:
A>WMmd>0; wm-n#Z0; @2 wm-n2 -0
2 2
Feow (0.D: @ = L (0t0)=0 (1)
Fov: a8 Swm=ndoO
2
0D mMan D> O

wm-n =0
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Yo (0.1) awd (0.2): g % (om) = 'Qz" ()

Fevowm2n:z=0

mtn =0
m-n:o
Fom (0.2): 9= L (ata) = a ®)

Fox: mi=n = 4

mth = G
m-n = 0
From (O.Z): % = .'i(OfG) = G | (l-‘l)
a-l
Ewluafe: Z;,, sin 27iim sinzwin .
o é

. L Z'.z[cos 2ai(wm-n) — (os ‘L-wl.(ww\n)}.h (D
G o

e m—— 18 7 SN AN AN
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(.e.: m#n
% >nw>m20

Thow v efyey ObTwe Two lasT chuaf\ms : |
a>Wtad0 ; m-n#0; Q2 wmnx g

From (0.D: W *Ji(o+o) =0 (2.)

Fov: _%>W\=Y\>O

6 >wmin >0

m-n =0
From (0.2) avd (00 h=-'?-_-(o ro)= 4 (2.2)
For: m=n=0

m+n=0

m-n=z=0
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Yvom (02): h = ..'2_ (a -O\\ = 0 (a3

Yov: mm=n= G
2

m+n = a
m-n =0

From (0.2): h=1i(a—a\=o (2.4)
a-{

Evoluale : 2 ;., Cos ‘L:noi__vz\_ sin 7_.41%’53_ = (3

= .'z.. Zz[s'm 2 (mtn) _ s‘mz‘.tL{w\-vh] .
a /3

* L (0 =0), tvom (07) (3.0
a-1i .
EvoluaTe : 2 ;,, Sin2wim (0s2WLwW )
o G
=L 2, [si“ 27\'i<w\+ﬂ) + Sin 7-_"'}‘_(@_‘_'11:
2 a G

L{0+0)= 0, fom(0.3) G+ .1)
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, o\
Assume: F(X) = Zh%, (Ah cos z-r,:h +Bpsem m«.‘w./

Wwee L is e lond™ 0F e paviod of The Fuwllion on K.

Foom Hildobrand s IF Cuntiiwn is defived o (at1) qum\\

épma pus tlae Fouviev sevies Wil aqree mm\‘ WiTh The

fwalivn T Twke ponfs iF The series LovTains q s of

cowbicionTs v ahdition To The (OnSluviT OY 2eYd-ovdey Fovm,

G Wudl be ayen,

Defme: 4; = L L
¢
T™wow: Z'“"ki,h - 2% th
L 0

ik
a

(ad = Tk (B cos

+ Bpsm 7'.'!155 )
Qa
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mmpu\‘m%(s\ by o yrcf __vg awd summ’mz ovey the o
wdogondenT pols k¢ ; L2 0,061t

a- ’
Z;_,: Clxe) cos2mim =
a
i 4 . .
a [N

+ Bpsmimik (0sAFim )
G —a

Asmm'm?. (onvergente ok the Fouvier soqies ( Fogriey  S0tRs;
Howdu\,e.\{. ; Mactislan |, 1944, .37 6. T_h_g!ll\ of Fouciey
wees and ileqrals 5 Covslaw , WS- ; Tover , twivd edifion,

930, p. 230 )

o~ a a-l
z tz0 c(’ll) cos Z._'W__(M = Z h:oz.b‘ Qh 1049 Z'I'I.h, @s ZEOL'W +
Q qa

+ By SinLmLR (0S zv'um>
o Q

e e ————— ] ]




62~ SIO Ref. 63-10

Bi torws vanish ‘Mou%hou\' , beown (4).
Weon R #Z ™ ol forws vanish, fvom (1)
Wwow G=zm =0

Zo bx:) ws 2w O = A G 5cwm(l.’ﬂ
G

fo= L Zin 6lai) I
a

whmb=m=%_z

T 60x) cos 2mia - Qg O fromn (1.4)
20 :

Lﬂ%-’- L0 () s wi
o

Nofe: COsTWL = (“D‘
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Wam _%)h'-m)o:

Zi Hx) ws2wik o At 4 g from (1.2)
(4

(4}

{Kh = %. Zf; t(x) cos 2wik

Multipluing (5) by Sin 2Tim . sumwming over Twe G
Puing, () by S0 23im v
independedl poivTs 4;; L= 0,01 and 'Mnspos'm% the
summation opevadors as abwwe, Since (onvevyent IS assumed:
a-t .
Z iso F(xi) sin 23im =
a

& a-' 4 . .
= Zkvo ZLaa (Ah (OSZ_ICTK_'_! SIndiiitm «
Y

+ By sin 2dik sin ;wim\)
% ry

A\ tevms vanish fhvoulhm' , fom (3.).

Wuew k2 # w all ferms vanish, fam (2.1).

A S I—
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When Q> k=m>0:

Z: El) S'MQ._‘_.‘.?-. = By % ' ?WM(Z.Z\

Br= 2 'Z.;f; C(x)smewik
a G

Wwm R =wm = 0O

> Hx) sm2wio = Bt 0, Frwm (2.3).
a

Bo = O
(o]

Wwen kR = wm = ’GT

. f(¢:) sin 2w ia -:’13%' O ; fvom (‘2.4).

0
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Am\uwth theladl 4wo @ses Qe iv\dmm\nﬂe.ﬂ-\‘ v be
Consideved as wow-wisTedT, siwee oo if ﬂmu‘ have Value
e would Wave wo ebfell, aT the powtfs 4;, onTue valae of
N'lf). The mul‘l"up\&m ot B and 15% n (5) are
mwz\‘woh\ Sin z_logg awd sim 28ia | ben of

a

volue 0,
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Sedin® .

- 4 —————————tevcemmt  messmgn

discvefe powt values.
s in Seclion & dhis devivalion 15 based on Hildebrand .

The h\low'wL ddfovminations WLl e Wsed LaTor 1n The

clevivation :
Known:
a-1 ‘ _
2i:0 S 2Tim (SZWIN = O;MFN ()
o o

o\

%;MN\ #0,9 (®))

dim=n=0,0 (%)
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a-
L .o S 2¥im Sin2hin = O; m #n
o a
k . L 4
%,m nIOov_Q_
z 0 wnvnOo\'%
Q-

Ziao sin;maim cos.z%é_v\_. o)

Debine: A = |2Lz | h‘O,P
P

~67-

(2.)
(2.2)
(29)

¢))]

Uheve L& is The \On%ﬂi of the priiod OF Twe Function on % and

L\‘ is The Imﬂh of The Per'm on l‘
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P and q ovetae nuwbars of independonT poirls on 4 and Y
of whith fne fundliow is defined . Total poivits on « am\«1 ave
(p+d and (q+1).
Expanding €(0,4) Wil vsped o 6
¢(6,d) = Ef, (a:(®) wsio + T’:a(¢)$'\wi9]
Expanding A (&) avd B;(®):
a (P = Z;}; [C-‘j (os|d + Dy s'mj4>]
Ri(®) = Z_',i [Ea; Wsi® t Y‘Lls'mj*?]
“Then « C(e;.A)Q: Zfo ZJ--}; (Cu 0sL6 COsjPa +

T Dij tosiOp SinjPy + E;_ls'mlen wsjPy +

t YijSni0y s'mj<b13 (#)

To shaw 1wl 4his funclion vepresents The vaviousl\x ovjenTed
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Sin awd Cos wavekorms , Thae Funcion con be writtm
JCAE 1 Z'f, Z.j-?. [(Czl‘\:iﬂ(os(ieu +j<P1)“
+(C;3+F;3) s(i0u~jd1) +
t (D 1E;;)smliey, + j4’13+
+ (-Dyy +E;,Qs'm(ieu - j{:;) ]
To drmine C;j \Mu\\‘ﬂph‘ (4) bu\(cos M O oSN )
awd sum over The p and q independont % and 4 axis
powts:
Z:..: Elq;o' f(on, 1) cos mOk Cosndy =
=2 {Eo 2 ,4; 2 :; Z::; C!;j (siOy come.cosj%wswl
BN oTver RYwms Vanish singe ’\'lm‘ Covilain o sumwation of

Sin-(0s ferms awd 4w Summdiion vesuts in O, From (3).
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The above equationn has value ovuh.\ wheve Lzwm and je=w
s'\mu\'\’ammsh‘ , fvom (1)
T2 b(0p,d1) c0si O Cosjby =

=2n Ly Caj Cos*iOr (0S*| Py

C!;_-‘ = k&l F(Guﬁb:.) s (O (05 P Fe

=

Tk Tacos*iOk (0s*|dg Ge

Whn ¢ 7 o,_g_ ovsdj ¥ 0,3{ ) Fvom(l.ﬂ:
Gec "-'-%q_ ond Cil: _:_‘_‘.F(
When L-Oov.%_ avn\j#Oov_g_

oY { # 0 ov ,E_ ond J =0 ov_g_ )Fvom (l.l),(l.'S)

When L=Oo\'_¥ owd j=00\'%,(5vom(l.9

Ge=Pq oand Cij=_L Ve

s
P
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To ddvenine Dy wultiply (4) by s mOp Snnd 1 and
Sum:
Sk Z 1 (B, P1) COsmOy Sin npq =

2T Ze 21 Dl 0siBp oSMOR S {P; S,
With value whee L=m and j=n # O,%_ Fyom (2.2):

Dij= ZwZ1 C(ka\ osi Dhsnidr . Fa
ZwZy C0s'i@h SiN®{dy Gd

When ( # 0 or P omd | o 0.4 , Prom (12) ,(2.2)

Gd=_p‘_3_ and ’Dij=_§‘_]- Fd

Whwn ¢ = Oov% and j# Oov_%.

Gd = L)z
d .Piq__ and rDLJ ‘I?‘T Fa

S e T — 7
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Toddfwmme E \Mul‘l"tph\ () bl‘\ SiNMOk ¢0S ﬂqh. ond Sum:
T 21 $(64,01) simmBlk Cosndy =

= LiZi 2y Z1 Eijini O Sinm bk 3jby 0Snd,
wavalue Wheve L =m# 0 ov P and j=n, fFrom (2.2)

Eil 3Rl C(ek.‘bﬂ Sini By s P2 - f_c_
Zw L1sSWLO @s* s Ge

Wwen ¢ # 0 0\'_% ovnd J #0 0\'% , rom (I-i), (2.2)

Ge - awd E; = 4 F
'Ecs‘ “4 '[Sq )
Whw { # 0 or R ond | 0 g From (1.3) ,(2.2)

C’e"'_P_z_-ﬂ_ and E‘J = ,‘% Fe
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To ddfvwwaine iy ww\'('tplt\('-&) bu\ SINMOBO Sin “@1 awd
um:
ZhZ1 C(ekﬁpﬂ SM MOLSM N Pe <

250 L Ly 2 16(0e $1)smi0\SimmBg Sin|p Sind,
W value Where (= M # O,p amd j”\*‘ 0>% )
Prom (2.2):

Fij = ZuZaf(6x $1)Sini0kSIndy . ¥

O

ZrZ, SIn'(On S'm"jcpl Ge¢
U)hon('.‘-m*ocv,pi and j:n#Oov%fWM(?-i):
Gr < P’-‘l‘} and T:.l = H_ FF

P4

Williow Nad\o\‘/l('\thqusm

T eyt o K SO
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Appendix II.

Derivation of equations for the iransfer function of & diffraction
dimited optical gystem.

Assums that a diffraction limited optical system is imaging
an infinitely distant, monochromatic point source. The plane
electromagnetic wave incident on the entrance pupil, in the

absence of turbulence, can be described by the equation

a=Asm(Wt+d). (11-1)

Suppose, however, that in the neighborhood of the entrance pupil,
the plane wave passed through a thin lamina having a spatially
varying index of refraction. The emerging wavefront would then

have the form

a(x,l\\ = A(M,L\\ swmlot + 4>('\c,q3] (11-2)

vhere x and y are the horizontal and vertical directions in the
plans of the entrance pupil. This phase disturbance will

result in an image distortion, a mathematical derivation of which
will now be developed.

The nature of the image can be determined by the application
of HMuygen's principle in which each point on the wavefront will
be considered to be an isotropic radlator. The propagation in
a direotion (0,3) will then be examined, where K amd @

are angles measured with reapect to the x and y axes respectively,
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The optical system would produce an intensity map as a function
of OL and @ such that the intensity is proportional

to the square of the amplitude of the vector sum over the
vavefront in a plane inclined at the angle(X,@). The

constant of proportionality involves the geometry of the optical
system and is not relevant to this particular derivation.

For the application of interest, the objects to be imaged
have angular subtense on the order of seconds of arc, and the
8ine and tangent functions may be represented by the angle
expressed in radians. Using the central axis as a reference,

a point x,y on the wavefront will have a path length increase

in the inclined plane relative to the point o,0 of

Od =y +Q>\1 (11-3)

This increased path length results in a phase shift relative

to the entrance pupil of

Y = QLM[ Qq (1I-4)

Equation (II-2) can therefore be rewritten for the case of

propagation in the direction (O(, %) as,

a(u,(s,'\c,u\\)-- A(’!,u‘) s'm[LDt +2% + &ﬁ_ +¢('x,\1)] (11-5)

The square of the amplitude of the vector sum of Eq., (II-5)
over all x and y within the limits of the entrance puril will

be proportional to the intensity of the image at the point
corresponding to the direction (u,@.

A < ot R SRR

e PRSI
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The image plans intensity is therefore

1= {g:g: A (2,4) ws [G%_ fkﬂ' +4>(1L,t0]d1c\\\}1+

(11-6)

{g = nla sin[a +&ﬂ.+¢(&,q\]<{xdb\}z

where A(x,y) is zero in the region of x,y outside the boundary
of the entrance pupil. By recognising the concept of dummy

variables of integration, (II-6) can be rewritten as
I= gm y A(%.tp cos[gu_ + ror ) [dady o
-o O uli U A R

. &Z g-: A(w,t)oos [9%_ ...Q_% +¢(w,2)]dwdt +

(11-7)

82 o atpsn]ar cay o] aey.

. §: %t Alw,2) siv [ﬂ’f“ r Qs +4>(w,%\]dwda



SIO Ref. 63-10 77

Since the integration with respect to x and y ies independent of
the integration with respect to w and s, Eq. (IIy7) may be

rewritten as

1= S: s\: gt &: A(x,u\\k(w,i\ @SE&QL Ry + ¢(x.l‘\] .

-cos[o_\_%L rog - ¢(w,a} dudydwde +

®opd p0p® (11-8)

+ & S-. Q-u g-» A A(w,2) S'M[o% +Ry +¢(«,u\\] .

> Sin [Qf& +£§§. +¢ (w,z\] du du‘dw de
By using the trigonometric identity
cso cosb + sinasinb = (os(a-b) (11-9)
Eq. (II-8) can rewrit&ton as
1§ (. bi: B A (x) A (w2) cos [os% Qy +

(11-10)

Pl - gy B2 - (v a]a«at‘dwc\z

Let
we 'x+€fg, dw=de7¢
w2y +ey d?‘déu\

then

I'gg L,g S -® A l.)A('MEx, +€:1) COS[ '&%‘“'
+ (¥, 11) $ (1 rex, t1+€.1ﬂ d«c\t‘dél de‘1 (11-11)

[T
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By using the trigonometric identity
cos(a+b) = dsa wsb -smasinb (11-12)

Eq. (II-11) becomes

I= g-: S: cos Iﬁ% + %{S: §:A(X.l-\\ A(‘!-réx,t\ﬁub‘ (11-13)

. cos[¢<’X,lD -¢ ('X‘*‘ €x, L‘-&- 61)] d'kdl{} dey dé|‘ +
+§ g\_wsm[usu + {g g Al §A ’X+€ML\+6‘.D

. s‘m[d: (x@ o (&+ex,q+e@] amﬂ déy de.1

The terms

G (%,0) = cos| 22 + 254 | }
G, (4,8) -s‘mL°-‘é= + 2]

may be recognized as spatial frequency components where .§ - F ’

(11-24)

and the double integral terms which multiply them in Eq. (II-13)
is the transmittance associated with the spatial frequency

(Fa,&D. The transmittance of the cosine term is

T = 5: S: A(x,tD Alx+eq, LV €Q'

(11-15)

. GOS[¢ (’X,LD - 43('21'61, L"l' 613] 4““"‘
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Toe §e B e AL A(rren yrey)-

(11-16)

* 8in [_4’(1,‘0 -¢ ('\H'é'x,t‘i' 6«0]&'2&1

It must be remembered that A has nonzero value only over the
region of the entrance pupil. The transmittance may be seen
to be determined by pairs of points on the entrance pupil
separated by a distance €4 in the x direction, and 511

in the y direction. It is further noted that it 1s the

product of the amplitudes of the pairs of points and the
difference in electromagnetic phase between the pairs of points
which determine the transmittance.

This leads directly to the concept of Spatial Freguency
Zoneg on the entrance pupil. For a given spatial frequency

(Fx»¢1\: those regions of the entrance pupil which contribute to
the generation of this spatial frequency are defined by bounding
all pairs of points which are separated by a distance &4 in
the x direction and G\‘ in the y direction.

Equations (II-15) and (II-16) are the transmittance values
which result from both the atmospheric turbulence and the
diffraction 1imit of the optical system. To make this point clear,
the transmittance in the abmence of the phase disturbence will be

derived. When A = 0

Tcd = S-: g-: Ao (1., \A{('Xfez,L‘ + 61)6'!&\1 (11-17)
and
Tea = O (11-18)

Mt W e SRRt e B 5 i 1 e e < e St et S, T N 7



-80- SIO Ref. 63-10

If A, is constant over the entrance pupil, then Eq. (II-17) is

Ted = Aot Se (11-19)
where S‘ is the area of the spatial frequency sone associated
with the spatial frequency (@g, ﬁ). Equation (II-19) is a useful
tool in determining the transfer function for a diffraction
limited optical system.
The transfer function which may be attributed to the
turbulence alone is found by dividing (II-16) by (II-19).
Expressed in complex form the transfer function for the turbulence

is

t= Ic_ﬂ_-‘_-ﬁ_ (11-20)
Ao Se
The concept of spatial frequency zones makes it clear that
there is a sharp ocutoff to the spatial frequencies transmitted
by an optical system, Since the largest separation possible for
a pair of points is equal to the maximum dimension of the
entrance pupil, D, the highest spatlal frequency passed by the

optical system is

(:w\ o li. (11-21)

This is the Fourier equivalent of the usual diffraction
limit expression that the angular distance to the first mull
of the diffraction pattern is

ol = I.ZDZ A (11-22)
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A ppredi TIL,

Drutlopmenl of vesloration faovs fov ’(mpg_cll_w invayiawl

didlovlion.
Seifitn A& Tveals the one- dimensional case and sedin®d Tved's
he Two-divmsional case.

Selfin A

Dovelopment of veslovation Faifors fox one -dimensional Tempeally

vavarial diTovTiow .

Immoc\io’loh\ co\\m'm?. This page is o qraphical vepresewTaTion of
Pae dicTovTion process. The nuwber of divisions was va'ﬂ'mﬂh‘
Cwasm 10 Show The dibfevenite in The effel Of 0dd and com

wumbeys 06 divisions.

R T L PP —"
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X X

Original image

2 2 2 2 2 3
7

| Distorted image

Graphical representation of distortion process
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NoTaTiown :

F(0) : Fouvier vepreseiialion of oviqimal iwage.

$(8): Fouriov VepresentaTion ok disTovted image.

z(@)= Fourier vepeesedTation of an elementT of didiorTod ;'““2"

Fe: R-th fom of ¥ (0)

Fu: R-th tom of ¢(0)

Qu: k-t teem o %(e\

6 Yanqe of vet'um Consideved . 0 € @ € 2T

06 Auqwlay separaTion o elewnedts of distorted image.

vAO: Anqular disTance of o distorfion clemenT Fram confer
o distovtion. v = $-120,010,0,,

S+ Nuwber of divisions o dlistiion (wiwber of elements legs 7).

Bl T S p——
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0,b : Fourior toetficion of £, indexed b(& R,

A,B : Fourier todfiiedTs of F, indeved bu\ R,
0 £RE M-l =n
2
w : Nuwbey o} 'mpuﬁ poinTs ok awTive imaQe.

n: b\'\q’\w{\' mdex of coetficianTs , = mel

————

P: p=..sl_ L Y#F

~jw
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F8) = Z vy (A 4shd +BySnko) )

"

baf: Fr(0) = AnwskO +Bysmko

Twn: ¥(6) = 2, Fu(B) (2)
¢(e) - E“-% &(eﬂae)
wheve: q (6+Y20) = ), p[é\. tos k(6 +YAB) +
+B.‘s'm\z(e+vA93
Let: g1 (6 1Y80) - P[A}z osk (0 +Y00) +
+ Besink(6 +v00)

(0 Z¢Ze Uk (6+va0)

nssum'mt tonverqence of The series % ( Fouvier sevies | Havdu1,

MacMillan , 1344, p.3TFF. T_h_'_ggls &% Fouvier Sevies and I.mvp(s,

(avslaw, Dovey , Thivd editim , 1930, p-230 FF )

e e A AT
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JOEPIS X TNCEIIND
Let: Fip = Zv Qe(0 +¥06) <))
¢0) = T fr )
Expanding: 3 (61¢ 0O) -

= p[é\\. (Los kO wskyD @ - SinkO sinky AG} +

+ Ry (sink® (0skYAO + (0skO sMRYDO)
L suwmivg Qi (0 tva6) over Y= -5 ,5 , sine
Sz - sn(-X) ond s O = 0, the Toxms (onTaiming
S Ry DO Wi vanish.
Zy qu(0 trn8): Zy p oskvoe (&g sk O +
+ By sinkO)

Oy from (3): Fp = T 2y p (05 krn©
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Subs’\'ﬁu‘\"m?. @) Ze Fr 2, p Cosky A6
Bris now WiderT TwaT € s The R -Th fovm of The Fourier
eves \'mem’fmz £(0).So from (1) Gwd e Wdepondente
ov o\’t\«o«{m\m\ ok The sin and cos Tevws

Or: O ¢ ploskvrp

bk * Br 2« posk¥AD

T‘MV\:
Ap = O

o~ p cos kvoe
By = bk

Zv poskd®
The lugt expressions cow be simplified €ov Cow puation by

?old'mid‘ht Summation, since Cos (%) = (0S (- %) . The

o o co—————— "
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problem 0F 044 And cuen mumbers ob infevvols i Token cave
of by the ondion v > O ond by the subgTiurion of ¢

Fov p. (See notation list) .

A‘Z = Qk
Z:, quskrae

R, bp
Z('?o q coshy AS

—
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§QC“W\@ .

Dwelopw el of yesTovation faclors for 4wo-dimensionsl fivnpovally

wvoriant disTion.

Lv«mu\\uﬁh\ Go\low\n% his shedl ave qraphical wpveswn'aﬁons
of The ‘fompom\h\ twvavianT distortion proiess. I These
veresedTaTons each square vepeesents a poiT value of Hhe
imaqe briguTness. The wumber of divisions Was avbimv}(\‘
Chosen to wow the ditkevnte w1 otbeT of 0dd amd wwen

wambrys oF divisions.
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36| 2=36
Original ! image
3 (|||t ]E]3
BEAIEEEERERENE;
I O T A I R A £
| N
0 i | | | |
L LD RS ST
A NEE AR A
AL I RN ERE i
=LA AR AR AR AL
-3 -2 -1 O 1 2 3
Dinortedl image
]
3 ]2 |2 |
2 214|412
| 2(ala]2 r ¥
Z meo Znao Zr,s™ 36
] {212 |1
I r =21 -mz20
s=X -n2o0
..2 T
-3
-3 -2 -1 0 | 2 3
Effect of folded !summotion
Graphicol representation of distortion process

(even

number of points)
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M=7 49 =49

Original | image

e IIeInanr

M} AN EN AR ER RN ERE,

3—‘} oo ooy | #
SRR R 1.t

"? AN EREEERERE I Zr:%zc'._-!o_ Fra 0

-1Q2 Flo[v o)} d

- I I T A I TR

ey [k [+ e[+t ]+
~00-540-308-40) of 248 340 10

Distorted X Image

222 ]
4a|alal2 L I 4
Z mao Znso Zr 5" 49
4 |aal2 "
r= -mz2o
alala]2 k3

s--g- -n2o

Effect of folded| summation

Graphical representation of distortion process
(odd number of points)
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NoTetion :

C,D,E,F : Youriey (oekbicienls with vespecT o %(9 )
¢, d,e,b: Fouvier tocthicionTs with vespecdl To 2 (O,#)
¢ O elemodl o Tue disTovied image.

T: (i on & ok vamboy of forms of Fouriov Sethes.

J: L' on u\ ok wambey af Tevmy 0F Fouriex evis.

C: mdix ond oF Tavwms , Ls Oy, ', I

j : wnday 0a \« of Trtms _| = 0,1, v,

M: wwmber 0k dwisions of distorTion 0w % .RinTs are Mt
N: wamber 6 divisims o distorfion om t{."l’o’st ave N+
W mdex o & Ok pownls of dictortign , w = - MM

0 inden on y of poin®s o distoffion, n = -N ,yz_
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P: we'qm'm%(’at\'ov; P:I ,Y#.«:ﬁé_ , S* £ N

«Ll,v2tM s¥z2
2 A

t: wutiplier ok 8O : YAB is anqular distance on x of dment
trom Cowtler of distortion. ¥ = ,Vil_ -m 20
S: wuttiplier 0bDP: B is anqular didlance om‘ ot elsmonl

Evom (edTer of distuvtion, s = ,lj{ -n=0
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A : obscitsa of image (ield .

Y : ovdimaTe ok image Fied.

% (6,8) : Fouvier N?rosevﬂa‘rion 0€ undishired imo\v.
z (0,4 Youvir vapersedtation of distorted maqe.

©: anqulay waasuve on & of field

& dwqulay wiousure on \\o(' Ereld

Gimn:

1 <4 , , o
BOD = 2y Ty (€ osi@ s ¢Di; @siOsin b v

tE{jSintO (0s)d + Fijsinio sin 4))
Let: By 0.8) = Cij wsi0 osdp +Di; 0siBSsin P +

+ B} Snio 0 ¢ kY;,'l SO sin :\4) ()

ACKI DR By (04)
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z(e =7, '%'% 2. .EL %(GHAG ds M:)

Wheve . 2)(6va6,4> tsOd) =

T 2, P[c.‘l ws (0 + Y08 cos (94 shb)+
+ D msi(@ t YA s (o +sAP)+
tE] swni(0 HAG)CQSS(@#SA&)%'
tFLsini(0 YOI (¢ fsad‘:)

LaT &"l( 61106, + SDP) = P[CLJ‘ wai(eﬂae\, (os (49 tsmﬂ +
+Dij wsi(B+100) s (P +sh)+
€4 <ini (01v08)ws| (b 1s0p)
FFij sini(01vbe)sing(e *ls 6h) @

22 Zs 2.2 qij (01100, 91509)
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Assum'm(L (,onvwiem(' oF S2cies 0S ?ec‘l:lonA:
222 (Zv 2s 2&3)

Let: 2y = Zv 2 g (3)

Y
Taen: B = L 23 2y (4)
Expanding (2) ¢ g4 (000, $es08):
T P(Cq (cos 6 s ivA® -SniO SinivOO)

- (wsjd osjs AP - sin j$ smjsQd) +

+'D;3 ((ns'ceco:.'uae - s’mi@s'mlmes .

+(€in} @ 05 SAP + (05 [P s’mjsAJ;a\ t

* Ezj(s'mie ©SiYAB + (Usi@SMivA6)

'(C°5j¢ wss0¢ ~ smid s’m'jsls'ﬂ +



S —— N ad
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+¥ij (SiB wsirn® t (osiBsinivAB).
. (S'Mj4> ws)saP + cos_gdpe'mjsaﬁ

In Suewing Uiy bR, over ¥ = -0 M and

[ 1]

s=-N N, fovme OABINNg SN YOO and
2 2

Sin AP Wil vanishsine sin % = sin (%) and

s\n 0 :=0.

Zv2Zs %tl (9 +YA9,¢f3A¢) 22\'25 P(O.SI';YAG COSlSM'
. [C’;j Cosi O cosj¢ +'D;3 csi0smiP +
t Bl Smig wosjd t Fij 33%68'\"54’]

From (3) ond (0‘ 11'1 2 Z(’.j Z‘ S.s PCQSL\'AG COSjSA¢,

and subsTh’uf’mZ ()

o) g; i ’E‘ii 2ovls P (0sitA6 ws js04
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TT s now Widedl gt Z1) is The (L,)) th Tetrm of tie
Fouruy Garies \'oqﬂscﬂfm% 2(6,9). Fiom the independonie

0¥ oY"(W)(LMMif«‘ of 4he (ow\pby\m‘f {eems ;

£L3 g -8
Zv2spLsivAB Os isOP
Ciy = i
v 2s pOsivbO wsjshd

and likewise for DB, and ¥ with vesped To d,2 omd b
ob 2y .

Asin Secim A, twe demomindior aloev: Can be Simpliried
fox Com putation by fold iwz, the Summations , sine

cos K = €03 (=%). The problem OF odd and eyen infewals

is Taken cave of b;‘ 1he (onditions V2 0,s =0 awd b..{
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e SubTiution of 9 fov P The denominaTor Thon becomes:
% § .

Zmao ano q (¢2) l\’A@ (,OSJSA¢

wwove (s j}__m >0

-n=0

s+ N
2

Witliam R u\\-\\ Kiwavdson
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Appondix IV .

Reflovalion oF \w\g_%c_s wit Tempwally Yaviad! distormion.
\

Selin & Tvedls Twe ome-dimevsional Cose and Secion B Treals Twc

two-divaewsiownal Cose.

Redootion o onet- dimengonal inage With ‘[mpom\h‘ vaxian? dicforfion.,
Civm: O wawbey of dislorTed im«q«. ndoxed | 5 1,2, ", ¢atn

vepr ovifed bv\ o fouvier sevies WiTw oekbicionTs Mgy} owd TS:,'J
indored with vesped To (v’m\uww bw AR 1 SN

To Fd: The veitwnd carfbiiedls, Aq and Ba

ComdiTims:

t b -
(1) Ao +TRa = way (9«.] 1B, 3

S e R




=102~

(2) _9_2__ = Z:\ Aaa'l
130; Zl 'BA,:\

() g%v;<AA : Sgn (Z; (‘\a,j\
(4) S ('Ba) = S%h‘(z_g 'Ba,',)
SoluTion :

Ao Ba ZiOap ; From (2)
23’5633

gubifﬂu‘ﬂni w (1) :

SIO Ref. 63-10

ZjTSo.j

2 a k!
BO (ELQQJ + \ ) = VV\O\X:‘ (AQ.‘) +%Gnl )

251130,]

Ba = [Mus(m.s‘:m.ﬂ ]“

p 3‘ Qa.i t
Z; Ba

D
®

TRo Zé Qaj
Z; Ba,

. sgn ( Z; 1?».3)

. s%w(z_', Q«.j\
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Sedtion K.

Tudiondlion g Two-dimensional image Ww Tqm?_o_mllﬂ vavianT

Gium: (O wamaw of disforfed iwnuges ivdoxed We 142, , eadh
vepresalad by o Fouriey sevies:
Eon (eu,¢1) =2 Z;(Cq’m s Oy Cosjd, +
+ Dijm WsLO, SN +E; mSini6, (05)Py 4
+ FiimSini0 Sinjd, )
The qen equdliv con ke vewritton as: .
fw(O, .4’1\ : —‘z— o2, [(CLlM_Fij\ s (i Ok t | 431)*‘
+(C'qm + \:'ijm) 05 (c'.ek-j@ﬂ +
t (‘D.',j,,,. + Eéjm\ c'm(L Ok fjcpl)f

t ("'Di._'\m i‘E;-’MBS'\W (t'.eh - 3@1)]
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Since the veSoration process isThe Same For tach ( L,j) , The

{ and | wnetution is dvopped i The Fo\low'mz.

To€ind: The vosvad corfficied’s ¢, D, E,F.

Comditions :
(100) (C‘F)t‘f(’DTE)z : WMaXwm [(CN'FM)“P(’DM*EN)'} = (#)
oy (C+P) 4 (-DHE)'s makm [ (T t (“Dent Ew) | = (#2)

(o) C-F = ZNLC..-F-») = (¥3)
V+E 2 (D +Ew)

(‘03) 55 +_:E_ = Zm (Cm‘f Vm)_ - (#Lb
“DtE Zm("'Dm f'F'm)

(low) S%n(C’r) AL [Zm (dvn 'FW')]
(1os) S%Y\ (CTFB s 31" [Z m(cm fTM) ]
(io¢) S{n ('DfE) "S‘iﬂ[r_m (’Dm‘fEm)]

(1o7) s%n(-’D-r €) = Q%V\[);m (-Dmt Em)]
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Goz.i) From (100): (C-F)*= (D+E): (#3)"

(162.) Feom (10D): (A+F)* = (-DtE) - (¥ 4)"
SubdlfuTing (102.1) i (100) and (103.) in (101):

(oe) (D+E)* (%D + (vre)* = (#1)

Gon (-D+EY (#d' + (-DE) = (#2)

From (108) and (106):

b
(o) (DtE) = ‘[ (%1) ]

. Sy [Zm('Dm+ Ewb] : (GQ

(#3)7+1

From (109) and (\073 :

(w) (-D+E) = [__(ﬁ.ﬂ__]"‘ N [Zm("'Dm “’Em).] : (ﬂ: 8)
(#4)* +1
(lo22) Frem (102): (D4E) = _1_ (C -0

(# 3)?

(103) Fraen (103): (D€' = | (Q+F)"
(#4)*



-106- SI0 Ref. 63-10

Substifufing (02:2) i (100) :

wy (C¢-F)*4 | - (C-F)2= (‘Fi)
(#3)

Subdiftaing (103.2) in (101) :

iy (C4F) + o (CtF) = (#2)
(" 4)

From (1) avna (IM)

[ (%1) } '
1 e
('ﬂ._ .;')'z 41

Feom (113) and (105):

[_Lz_z_v__} J sy [ Za(Conr F)] < (#)

w) (d-¥) =

csyr (2 (Cm = Fu)] = (#5)

as) (d+F) =

A(\d'\mL(ll‘H awnd (ues) :

¢ = (#8)+ (#7)
A




SIO Ref, 63-10 =107~

ov: (=L
2

. s%n[zn(c N“FNS} *

it [ (O Fu (D rem)] )
l:z,,('om Ewm) :\‘ . |
Ton (Con—F w)

td

WOXw Con ‘H:M) ( “Dmt m)
ﬁ [z:};m *Ew) J : ]} I SplZ Ot

Svw(Cm +Fw)

?uand'\n% ( HD Fvom ( 1) :

D= (#06) -(*8)

. = L
Ov: D 5

MaXw [(Cm ’FMY‘!‘ ('Dm TEMT] "
[z..(c...-@‘ . 50 [ZmfomtEm)) -

Zem(Dm+Em) ]

. sgw[Z ™ ("Dh +Tm)]

(3

{ watem [(Con tFra) + (Dt Ev) ] }a

[ZM(CM*FM) ]1 + |
Z.m("DwH"Em\




4
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P
-
//
Add‘m?a (!\O) and (m) :
E= (#0 + (¥8)
“
O¢ E= "é‘ MM[(CM’FMY‘*('DW\'EMY] h
[;L(CM'FQ)-]I + | °S?j"t[zn('DM*EMﬁ+
Zm(’Dm'\'En\
e L (mox L(CtFu) + (-DmtEw) ] 5]
[ZM(CM "‘\:m)-[z + | .s%h[z...("DMEm)]
‘ZM("-DM* Em\

gubTwif\mL ( l\'-&) Cvom ( ns);

¥ = - (#6) + (1*7)
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ov F=_1

syl Zm(CuFu)] +

,mu.[w_@_'.vmy'r('nmi'En‘.] s
Izzm _f..f_@_]’ vl
Zw(Cm-Fw)

. qwk.. (A Fnﬂ |

+

o | (Cut Tl (-Dm: E:_I '
{[me"bmén\}l ¢ )

2wl Cwt Fm\

William H adlew Kihavd son



